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1. INTRODUCTION 


In [57], for / G Li[0,1] (the class of Lebesgue integrable functions on [0,1]), Kantorovich introduced 
the operators 


Kn{f;x) 


{n+ l)y^Pn,kix) 



Xn,k{t)f{t)dt, 


where Pn,k{x) = {^x^{l - a;)” 
teristic function of the interval 


X G [0,1] is the Bernstein basis function and Xn,fc(t) is the charac- 
. Many authors studied the approximation properties of these 


operators. In m, Butzer proved Voronovskaja type theorem for the Kantorovich polynomials, then 
in [1], Abel derived the complete asymptotic expansion and studied simultaneous approximation, rate 
of convergence and asymptotic expansion for derivatives of these polynomials. Mahmudov and Saban- 
cigil [32] investigated a g—analogue of the operators Kn and studied the local and global results and a 
Voronovskaja type theorem for the case 0 < g < 1. 

Besides the applications of g—calculus in approximation theory, the approximation of functions by linear 
positive operators using statistical convergence is also an active area of research. The concept of sta¬ 
tistical convergence was introduced by Fast m- Gadjiev and Orhan |19j examined it for the first time 
for linear positive operators. After that many researchers have investigated the statistical convergence 
properties for several sequences and classes of linear positive operators (cf. [5J jT] [T31 [TU [ini UHl 1131 US! 

usiiniiHiissiisiiss])- 


The rate of convergence for functions of bounded variation and for functions with a derivative of 
bounded variation is an another important topic of research. Cheng m estimated the rate of conver¬ 
gence of Bernstein polynomials for functions of bounded variation. Guo [20] studied it for the Bernstein- 
Durrmeyer polynomials by using Berry Esseen theorem. Srivastava and Gupta [42] introduced a new 
sequence of linear positive operators which includes several well known operators as its special cases 
and investigated the rate of convergence of these operators by means of the decomposition technique for 
functions of bounded variation. Subsequently, the rate of convergence for functions of bounded variation 
and for functions with a derivative of bounded variation was examined for several sequences of linear 
positive operators. In this direction, the significant contributions have been made by (cf. [21 (25] [2H1 137] 
and [41] etc.). 
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Several authors have proposed the Kantorovich-type modification of different linear positive operators 
and studied their approximation properties related with the operators. In [22] and m, researchers intro¬ 
duced the generalizations of the q-Baskakov-Kantorovich operators and studied their weighted statistical 
approximation properties. 

In 1998, Mihesan |33] introduced the generalized Baskakov operators i?* defined as 

oo / Ic \ 


where 


= e 1+" (i+l)n+k , Pk{n, a) = ^ \ and (n)o = 1, {n)i = n{n+l) ■ ■ ■ {n + i-1), 

z —0 ^ 

for i > 1. In m, Erencin defined the Durrmeyer type modification of these operators as 


L“(/;x) = ^IE“fc(a:) 


1 


fc =0 


B{k + 1, n) Jq (1 -I- t) 


n+/c+l 


f{t)dt, X >0, 


and discussed some approximation properties. Very recently, Agrawal et al. [1] studied the simultaneous 
approximation and approximation of functions having derivatives of bounded variation by these operators. 


Later, Agrawal et al. [3] considered a new kind of Durrmeyer type modification of the generalized 
Baskakov operators having weights of Szdsz basis function and studied some approximation properties of 
these operators. 

Motivated by the above work, we consider the Kantorovich modification of generalized Baskakov operators 
for the function / defined on C'..y[ 0 ,oo) := {/ S C'[ 0 ,oo) : \ f(t)\ < M (1 -|- > 0 for some 7 > 0 } as 

follows : 

Knif-,x) = {n + l)J2wZk(x) I fit)dt, a>0. ( 1 . 1 ) 

k=0 

As a special case, for a = 0 these operators include the well known Baskakov-Kantorovich operators (see 
e.g. [44]). The purpose of this paper is to study some local direct results, degree of approximation for 
functions in a Lipschitz type space, approximation of continuous functions with polynomial growth, simul¬ 
taneous approximation, statistical convergence and the approximation of absolutely continuous functions 
having a derivative coinciding almost everywhere with a function of bounded variation by the operators 
defined in (HI. 

Throughout this paper, M denotes a constant not necessary the same at each occurrence. 

2. Moment Estimates 

For r G No = N U {0}, the rth order moment of the generalized Baskakov operators is dehned as 

'■= = '^wik{x){ ——r) 

and the central moment of rth order for the operators B* ^ is defined as 

00 / k 

AuAA ■= B*Ai* -xy;x) = Y^ wy^ix) (——- - x 

Lemma 1. For the function vf we have 

AAA = 1 . AAA = (nx + 

and 

x{l + xfAlAx))' = {n+ 1)(1 -f x)vy^+yx) -{a + n(l -f x))xvlAx)- ( 2 - 1 ) 
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Consequently, for each x € [0,oo) and r G N, 

Vn,ri^) = 2^’" + n~^{qr{x,a) +o(l)) (2.2) 

where qr{x,a) is a rational funetion of x depending on the parameters of a and r. 

Proof. The values of r = 0,1 can be found by a simple computation. Differentiating with 

respect to x and using the relation 


x{l + xf - na;)(l + x) - ax'^ 

we can easily get the recurrence relation (EH). To prove the last assertion, we note that the equation 
(1^ clearly holds for r = 1. The rest of the proof follows by using EH and induction on r. □ 

Lemma 2. For the function /i“ r.(^)i have 


and 


l^n,oi^) = l^n,i{x) 


If ax \ 

(T+^j 


a:(l = {n + - axp^^^{x) - rxil + xf ^i^^,._i{x),r e N. (2.3) 

Consequently, 

(i) /i“ ^(a;) is a rational function of x depending on the parameters a and r; 

(a) for each x € (0,oo) and r € Np, /a“ ^(a:) = 0(n“[(’’+^^/^l), where [a] denotes the integer part of a. 

Proof. Proof of this lemma follows along the lines similar to Lemma [TJ The consequences (i) and (ii) 

□ 


follow from (12.3|) by using induction on r. 

Corollary 1. If p*ff^{x) = ^ Wfij,[x) > ^ken pffrix) = 


1 


rr+l, 

ni 2 1 


Proof. From Lemma [21 for each x G [0,oo) we may write 

I OO 

iCA^) = —^'^AA){k-nxY 




fc =0 


^ -x] 


n + 1 


■Y.A+iyo(^ 


3=0 


m 2 


■^ 0 (nb/ 2 ]) ^ Q 


3=0 


rr^i 

m 2 J 


□ 


Lemma 3. For every x G (0, oo) and r G Nq, there exist polynomials qi.j.rix) in x independent of n and 
k such that 


ff~I^n,kA) = W^kA) ^yk- nx} 


2i-\-j<r 

ij>0 


(di,j,r(x)) 

(p(x)Y 


where p(x) = a:(l + x^. 
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Proof. The proof of this lemma easily follows on proceeding along the lines of the proof of Lemma 4 00]. 
Hence the details are omitted. □ 


Lemma 4. For the rth order (r € Nq) moment of the operators defined as T“^(a;) := K!f^{t^;x), 

we have 


Tf:Jx) = 


1 

— F 


r + 1 


3=0 


r + 1 


1 






where vf j(x) is the jth order moment of the operators H* 

Consequently, T“o(a;) = 1, T^^fix) = :^{nx F -^ + fj, 

1 f o -y f 1 „ 2ax‘^ \ a^x'^ 2ax 1\ 

' (n + l)2\^ \ + x) (l + x)^ l + x 3/ 

and for each x € (0,c») and r € N,Tf‘^{x) = x'^ + n~^(j)r{x,a) + o(l)), where Pr{x,a) is a rational 
function of x depending on the parameters a and r. 

Proof. From equation (HH), we have 

OO „ ^ + ^ 

Tl,{x) = (n + 1) ^ Wl,{x) I fdt 
n + 1 


OO 


r + 1 


n + 1 
r + 1 

n + 1 
r + 1 




fc=0 

OO 


E 


fc=0 

OO 


k 1 
n + 1 

r+l 


r+1 


n + 1 


r+l 


3=0 




fc =0 


3=0 


r + l 


r + l 


n + ly V^ + 1 


1 


n + 1/ V’T' + l 


r+l-j 


r+l-j 


n + 1 


r+l 


r + l 


E 

3=0 


r + 


3=0 


r + l 


r + l 


7— 

{n + iy-i ”’'‘^+n+iy 


j y (n + I)’’--?' ”’2 




(2.4) 


from which the values of Tflfix), r = 0,1, 2 can be found easily. The last assertion follows from equation 
(12.41) by using Lemma [I] the required result is immediate. □ 


Lemma 5. For the rth order central moment of Kf, defined as 

UnAA ■= KA{t- xYix), 

we have 

A <AA = 1,<, 1 ( 2 ;) = ;itT(-2; + j^ + i^ 

+1) - -d -») + +(+ + 2d - -)) + 5}; 

(ii) uffix) is a rational function of x depending on parameters a and r; 

(Hi) for each x € (0, 00), ^(a;) = O 
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Proof. Using equation dm, assertion (i) follows by a simple computation. To prove the assertions (ii) 
and (iii), we may write 


fc + l 
+ 1 


A + / {t-xYdt 


n + 1 
r + 1 

n + 1 
r + 1 

1 

r + 1 
1 

r + 1 


k=0 

CO 




oo 


E 


r+l 


k + 1 
n + 1 

r+l 


r+l 


— X 


i /=0 


r + l 


ly J \ n + 1 


n + 1 

r+l —iv" 

— X 


r+l 


1 


^ + \n+l j 


n + 1 

r+l —!/< 


n + 1 


r+l 


from which assertion (ii) follows in view of Lemma [2j Also, we get 

r+l 


n,rA)\ ^ ^E „rr±i:^l - ^ „rr±ir 


< c- 


2 


This completes the proof. 


□ 


Let Cb[0, oo) denote the space of all real valued bounded and continuous functions on [0, oo) endowed 
with the norm 


II / ll=sup{|/(a;)| : a: G [ 0 ,oo)}. 

For 6 > 0, the K-functional is defined by 

KYf,S)= inf l||/-g||++|g"||}, 

gew^ 

where = {g C Cb[0,oo) : g',g" G ( 7 ^ 10 , 00 )}, by [H] there exists an absolute constant C > 0 such 
that 

K2{f,S)<Ci02{f,A6), ( 2 . 5 ) 

where 

W 2 (/, V^) = sup sup \ fix + 2h)-2f{x + h) +f{x)\ 

0 <h<VS^e[ 0 ,oo) 

is the second order modulus of smoothness of /. By 

uj(f,S) = sup sup \ f(x + h)-f{x)\, 

0<h<VS^e[0,oc>) 

we denote the usual modulus of continuity of / G Cb[0, oo). 

Now, for / G CB[0,oo),a: > 0 the auxiliary operators are defined as 

A';(/;x) = K‘M-. - /(+ (“ + + + 0) + 

Lemma 6. Let f G W^. Then for all x > 0, we have 

\K{f-,x)-f{x)\<\iAA II /"II, 
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where 


ll{x) = K^{{t-xf-x) + 


(n + l)2 


- X + 


ax 1 


1 


(n + 2)x^ + (n — 2)x + 


1 + a; 2 

2a^x^ 4aa;^ 3ax 7 


(n + 1)2 

Proof. It is clear from the definition of 77“ that 


(1 + a;)2 1 + a; 1 + a; 12 j' 


K^{t-x;x) =0. 


Let / G From the Taylor expansion of /, we have 

f{t)-f{x) = (t-x)f{x)+ j {t-u)f"{u)du. 

J X 


Hence 


Kn{f',x) - fix) = f{x)K^it- x;x) + K^( I {t - u)f"{u)du;x') = K^( [ {t - u)f" {u)du; x 


P \ + / 1 / ax 1' 

= 77“ ( / [t — u) f" iu)du] x] — / ( „ , I /"(^)^^ 


n + 1 


1 T X 2 


and thus 

|i7“(/;a:)-/(a:)|<77“( 
Since 


[t — u)f"{u)du 


;x] + 


,^(nx+^ + ^) 


ax 1 


n + lV 1 + a; 2 


+ I + F -u]f"iu)d' 


.( 2 . 6 ) 


(t — u)f"iu)du 


< II /" II 


and 


„)-i+ 2 :+FA + )) ^ 1 / oa; 1 , , „ 

;7TT(” + TT^ + 2l-“l-f 


< 


2(n+ 1)2 


-a; + ^ + i') II /"II, 


\ X 2 


it follows from f|2.6p that 


l^n(/;a;) -/(x)| < ^|■^»((^-2;)2;a;) + ^^^^ 


ax 1 


.,- + TTI + 5l 


1 


= ^lni^)\\n\- 


This completes the proof of the lemma. 


□ 


3. Main Results 


3.1. Local approximation. 


Theorem 1. Let f be a real valued bounded and uniform continuous function on [0, oo). Then for all 
a; > 0, there exists a constant C > 0 such that 




/; 


n + 1 


- X + 


1 + X 2 


where 7 )((x) is as defined in Lemma\^ 
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Proof. For / £ Cb[0,oo) and g £ VF^, by the definition of the operators we obtain 


\Knif-,x) - f{x)\ < \K^{f-g-,x)\ + \{f-g){x)\ + \K^{g;x) - g{x)\ + 
and 


n + 1 


ax 


nx - 


1 + X 2 


- fix) 


|iF“(/;cr)|<||/||iF“(l;x) + 2||/||=3||/||. 


Therefore, we have 


\Knif] x) - fix)\ < 4 II / - 5 II +\K^ig; x) - g{x)\ + w /; 


n + 1 


- X + 


ax 1 
1 + x 2 


Now, using Lemma m the above inequality reduces to 


IKif'^x) - fix)\ < 4 II /-5 II +7“(x) II g" || +a; /; 


— X ■ 


ax 

1 + X 


Thus, taking infimum over all g € on the right-hand side of the last inequality and using ( 1 ^ . 
we get the required result. □ 


Let us now consider the Lipschitz-type space in two parameters [35] : 

:= (/ £ Cb[0,oo) : \ f{t) - f{x)\ < £ (0,oo)lfor 01,02 > 0, 

L {t + aix^ + a2x) 2 J 


where M is a positive constant and a £ ( 0 , 1 ]. 

Theorem 2. Let / £ Then, for all x > 0, we have 

KAx) 


\K{f;x)-fix)\<M 


_ (oix^ + a2x) 

Proof. First we prove the theorem for the case a = 1. We may write 


\Knif',x) - fix)\ < (n + l)^W“^fc(x) / \f{t) - f{x)\dt 

k=0 


< 


A;=0 



\t-x\ 

Vt + oix^ + a2X 


dt. 


Using the fact that ^^^=== 5 ^== < Ji+a x Cauchy-Schwarz inequality, the above inequality 

implies that 


|iF“(/;x)-/(x)|< 


M{n + l) 
\/a\x^ 


00 


a2X 


^Ikix) 


fe=0 


fc+1 

n+1 


|t — x|c?t = 


M 


•\/oiX^ + O2X 


K-{\t-x\;x)<M{ 


lix) 


aix^ 


■ a2X 
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Thus the result hold for a = 1. Now, let 0 < a < 1, then applying the Holder inequality with p = ^ and 
q = we have 


fc + 1 
‘ n + 1 


< 


\Knif-^x) - fix)\ < (n + l)^VF“fe(a;) / \f{t)-fix)\dt 

k^o 

■ C50 ^ ph+L 

'^W^,k{^){{n+l) / \f{t)-f{x)\dt 

k=0 ^ 

• OO « ^ + 

- ^ + Ifi*) - fix)\^dt 

fe =0 

( ^ I, I 

E ^n^ki^Xn + 1) / 

I M \/t + aix^ + a2X 

I' OO ^JlLI 

X^^n,k(x)(n + l) p \t-x\dt 

KAx) 


< 


< 


k=0 

M 


< 


(oicc^ + a2x) 2 

M 

{aix'^ + a2x)^ 


zdt 


k=0 


k 

n + 1 


iK^{\t-x\;x)r <M 


{aix'^ + a2x) 


Thus, the proof is completed. 


□ 


Next, we obtain the local direct estimate of the operators defined in dm using the Lipschitz-type 
maximal function of order r introduced by B. Lenze [30] as 


ujr{f,x) = sup [pA - f A )I ^ 2 ;g[o, oo) and tG(0, 1]. 

te[o,cxD) r ^1 

Theorem 3. Let f G C'b[0,cx)) and 0 < r < 1. Then, for all x G [0, cxd) we have 

\KAflx) - fix)\ < UJrif,x)iulAx)A- 

Proof. From the equation (EU, we have 

2 ;) - f{x)\ < uirif, x)Kf^{\t - x\"]x). 

2 1 1 

Applying the Holder’s inequality with p = — and - = 1-, we get 

T q p 

\Knif', x) - f{x)\ < UJrif, x){Kf^{t -xf;x)^= UJrif, x){ul 2 {x)A ■ 
Thus, the proof is completed. 


(3.1) 


□ 


3.2. Weighted approximation. ([^, El]) Let iL2[0,oo) be space of all functions / defined on [0, oo) 
with the property that |/(x)| < Mf{l + x^), where Mf is a constant depending only on /. 

By C'2[0,oo), we denote the subspace of all continuous functions belonging to iL2[0,oo). If / S C'2[0,oo) 
and lim |/(x)|(l + x^)“^ exists, we write / G Cp[0, oo). The norm on / G Cpp, oo) is given by 

x—>-oo 


II / llp:= sup 

x£ [0,oo) 


l/(2^)l 
1 + ' 


In what follows, we consider p{x) = I + x^. 

On the closed interval [0, b], for any 6 > 0, we define the usual modulus of continuity of / by 


ujb{f;S)= sup sup |/(t)-/(x)|. 

|t—rc|<5 x,tG[0,6] 









Theorem 4. Let f £ C'2[0,cx)) and uJb+iiflS) be its modulus of continuity on the finite interval 
[0, 6 + 1] C [0, oo) with b > 0. Then for every x £ [0, b] and n £ N, we have 
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l^n(/; x) - f{x)\ < 4M/(1 + b^)ul^^{x) + 2uJb+i i^f; \Jul^^{x)j . 
Proof. From [53], for a; £ [0, &] and t £ [0, oo), we have 

\f{t) - f{x)\ < AMf{l + h'^){t -xf +(l + ^■^—^']ujb+iif;5),6 > 0. 


□ 


Applying K!f{.]x) to the above inequality and then Cauchy-Schwarz inequality to the above inequality, 
we obtain 

\Kn{f\x)-f{x)\ < AMf{l + b'^)Kf^{{t-xf]x)+uJb+i{f]5)(^ + ^Kf^{\t-x\\x) 

< 4M/(1 + b'^)ul^2{x) + W6+i(/; 6) (^1 + ■ 

By choosing S = we obtain the desired result. 

Theorem 5. For each f £ Cp[0,oo), we have 

hm II K<f{f) - f ||p= 0. 

n—^oo 

Proof. From [18], we observe that it is sufficient to verify the following three conditions : 

hm II Ktf{t^-x)-x>^) ||p=0, fc = 0,l,2. 

n—^oo 

Since Ar“(l;x) = 1, the condition in (13.21) holds for fc = 0. Also, by Lemmal4]we have 
\\Kf,{t]x)-x)\\p : 


(3.2) 


< 


< 


< 


1 


ax 


n F 1 

1 F X 

2/ 

1 


a 

-x) 

n F 1 

1 F X 


1 


n + 1 
1 

n + 1 


sup 


sup 


+ a sup 


2/ a:G[0,cso) 1 H“ ^ a:e[0,oo) ^ 3^ a:G[0,cso) “1“ “t“ ^ ) 


2a+^ 


which implies that the condition in (13.21) holds for fc = 1. 
Similarly, we can write 


iF“(t^;x)-x^ lip < 


1 


< 


(n + l)2 

1 

(n + 1)2 

+2a sup 


x^ + n I + 2x + 


2ax^ 


2 2 
ax 


1 + X J (1 + x)2 1 + X 3 


2ax 1 , .,,2 2 

+ - - (n + l)^x^ 


X^ X 

TT^ + ^ TT^ 

L -\- X a;G[0,c>o) ^ \ X 


aiG[0,oo) 

X 


+ a sup 


a:G[0,cso) (1 “h X ) a:G[0,cso) (1 H“ X ) 3 xG[0,cso) 1 H“ ^ 


+ 2an sup -77:;-77 

a:G[0,cx!) (1 “t“ H“ X ) 

1 1 
-7- + - sup - 

■ Z \ » 


< 


(n + 1)2 


(rz F l)(2ci F 1) A ( 27z F a^ F 


1 


which implies that the equation (13.21) holds for fc = 2. 
This completes the proof of theorem. 


□ 
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Let / G Cpp, oo). The weighted modulus of continuity is defined as : 




sup 

x>0,0<h<S 


\f{x + h)-f{x)\ 
1 + {X + /l )2 


Lemma 7. [33] Let / S CppjOo), then: 

(i) is a monotone increasing function of S] 


(ii) lim r2(/, 5) = 0; 

(Hi) for each m € N,n{f,mS) < mQ.{f,5)] 


(iv) for each A S [0, c»), Ll{f, XS) < (1 + X)Ll{f, S). 

Theorem 6. Let f S C'ppjOo), then there exists a positive constant Mi such that 

xG[o^) (l + a;2)l - 1 J 

Proof. For t > 0, a; G [0, oo) and d > 0, by the definition of Ll{f,S) and Lemma jT] we get 
\f{t)-f{x)\ < {l + {x + \x-tf))Ll{f,\t-x\) 

< 2(1 + a:^)(l + (t — + J— - —^^r2(/,d). 

Since is linear and positive, we have 

x) - f{x)\ < 2(1 + x^)n{f, d)| 1 + iF“((t - xf,x) + ^(1 + {t- 

Using Lemma in we have 

1 + a;2 

Kf,({t — x)'^,x) < M 2 -,for some positive number M 2 . 

n 

Applying Cauchy-Schwarz inequality to the second term of equation (13.31) . we have 

+ it - xf) ^^ - ^^^niit- x)^,x) + i\/A:“((t-a;)4,a;)\/A:“((t-j;)2,a;). 

By Lemma |5| and choosing S = , , there exists a positive constant M3 such that 


(3.3) 


(3.4) 


(3.5) 


L^lit-xY,x) ) < 


(3.6) 


Combining the estimates of (I3.3p - (I3.6I) and taking Mi = 2(1 -|- M2 -I- M 2 + M^y/M 2 ), we obtain the 
required result. □ 

3.3. Simultaneous approximation. 

Theorem 7. Let f € C.y[0, 00 ). // f^'^^ exists at a point x € (0, 00 ), then we have 

lim (^iF“(/;aa)) =f^''\x). 

Proof. By our hypothesis, we have 

fit) = '^- — l^it-x)’' +'ipit,x)it-x)'', tG [0,oo), 
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where the function x) —^ 0 as t —>■ a;. From the above equation, we may write 


du!' 




i/=0 


dio'" 


=: /i+/ 2,say. 


Now, we estimate Ii. 


h = 




f d‘ l^lv 
^ v\ 1 do. . 

ly—O ^ ^3—0 

(:)(-> 


r — 1 




-I 


E^t (:)(-> 


1/1 \ 1 


-I 


^EC: 

i=o 


:— /3 + /4,say. 


-a; 


\r-3 




First, we estimate I^. 


h = 


/W( 


a: 


r! 


r —1 

, E 

i=o 






:= /5+/6,say. 


By using Lemma SI we get 

h = + o(^l^ , Jg = o and h = O • 

Combining the above estimates, for each x S (0,oo) we obtain Ii —>■ f^'~\x) as n —>■ oo. 

Since ipit^x) — >■ 0 as t —>■ a:, for a given e > 0 there exists a <5 > 0 such that \'ip{t,x)\ < e whenever 
|t — a:| < (5. For |t — a;| > <5, x)\ < M\t — x\^, for some M,P > 0. 

By making use of Lemma |31 we have 


OO 

i/si<(»+i)i: i: rd\k — nx^ 

k—0 2i-\-j<r 


h,3,rix)\ 

{p{x)Y 


WYkix) 


, fc+1 

n + 1 


Y{t,x){t 


xYdt. 


I/2I < {n+Y'^ 

k—0 2i-\-j<r 
ij>0 

■■= k + Y, say. 


{pix)Y 


|t—x|<5 


\t — x\''dt + M 


|i— 


\t- 


Y+>^dt) 
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Let S = sup 

2i-\-j<r 

i,j>0 


\Qi,j,r{x)\ 

{p{x)Y 


and by applying the Schwarz inequality, Corollary [T] and Lemma [5l we get 


I^tI < 


< 


oo 

e(n + l)5S'^ n^\k - 

k—0 2i-\-j<r 

^i>o 


fc+i 
* 71+1 


fc 

n+l 


(t — xY'^dt 


e{n + l)is Y 


Yik - nxf^WYkix) 


2z+j<r 

i,j>0 


Y^nA^'> 




1 

2 



(n + l)£l+“,{x) 


fc=0 



{t — xY^dt 


1 

2 


< 


,s ■£ o 

2i+j<r 

ij>0 



e.O(l). 


Since e > 0 is arbitrary, Jr —>• 0 as n —^ oo. Let s(g N) > r + /3. Again, by using Schwarz inequality, 
Corollary [Hand Lemma IH we obtain 


Is < 


< 


< 


< 


OO p 

MS{n + 1)Y] Y1 *^*1^ ~ /c(^) / |t — 


k—0 2z+j<r 
i,j>0 


M'{n + 1) 


fc + 1 
+ 1 


E E n*|fc — nxp W'“;.(x) / \t — x\^dt, where MS'= M' 


fc=0 2i-\-j<r 
i,j>0 


k _ 

+ 1 


M'(n + 1)^/^ j. u'wa r ^ 

gs-r-p -E E n \k - nx\m^^Yx) 


k—0 2i-\-j<r 
i,3>0 


|t — x\^^dt j 
iqu" ^ 


§B-r-P 


2i+j'<r ^ k—0 

i,j>0 


k=0 


J\/fl _ / °° A /"STT \ 1/2 

E ( (ii+ l)E^".fc(^) / {t-xf-^dt 




22 +j'<r 

i,j>0 


which implies that Jg —^ 0, as n —>■ oo. 

Now, by combining the estimates of I 7 and /g, we get /2 —>■ 0 as n —>• 00 . 

Thus, from the estimates of Ii and /2, we obtained the required result. □ 


3.4. Voronovskaja type result. 

Theorem 8. Let f € C^O, 00 ). If f admits a derivative of order (r + 2) at a fixed point x € (0, 00 ), then 
we have 


lim n 

n—>-oo 


duj^ 


r+2 




where Q{h',r,a,x) are certain rational functions of x depending on the parameter a, r,u. 
Proof. From the Taylor’s theorem, we have 

fit) =Y - f^it-x)'' +tpit,x)it-x)'~+^, te [0,oo) 

i/=0 


(3.7) 
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where x) ^ 0 as t ^ x and tp{t, x) = 0{t — x)^. 
From the equation (1X71) . we have 




r+2 


/M(3 


r+2 




du!^ 


/H(3 


Ul \ 1 

t/=o i=o 




dw'’ 


:= / 1 +/ 2 , say. 

Proceeding in a manner to the estimates of I 2 in Theorem [71 for each x G (0, 00 ) we get 


n-)-oo V aUJ^ 


Now, we estimate ly. 

r —1 




!V = 0 


(r + 1 )! 


i=o 

j(i'+l)(2,) ^ + + 1 

j=o 

fir+^:^ /r + 2 

{r + 2y. ^ V J 


/M(a 


= 0 . 


1=0 


dw' 




3 


(-x) 


r+l-j 


(-x) 


r+2-i 


duj’ 

dJ_ 

dtu’ 




By making use of Lemma SI we have 

/ r+2 S 

h = f^'^\x)+n-^i ^Q(i^,r,a,x)/(‘'^(x) + 0 ( 1 ) j. 

i/=i ^ 

Thus, from the estimates of Ii and J 2 , the required result follows. This completes the proof. 

Corollary 2. From the above theorem, we have 
(i) for r = 0 

lim x) - /(x)) = f ^ /'(^) + ^(^ + a;^)/"(a^); 

n^oc \ 1 + X 2 J 2 

for r = 1 


„lim ( —K^{f;uj)-f'{x) 


= - 1 + 


(1 + xf 


1 + X 


/'(^)+ 1+^ /"(x)+-x(i+x)r(x). 


□ 


3.5. Degree of approximation. In this section, we obtain an estimate of the degree of approximation 
for rth order derivative of iF“ for smooth functions. 

Theorem 9. Let r < q < r + 2, f G Cy[0, 00 ) and exist and be continuous on {a — r],b + r]),r] > 0. 
Then, for sufficiently large n 

dJ- 


Kif-M] 


^ / uj=t C[a,h\ 

where Ci = Ci (r) and C 2 = C 2 (r, /). 

Proof. By our hypothesis we have 

/w=E (i _ x)(i - xw), 


z=0 


q'- 


(3.8) 
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where ^ lies between t and x and x{t) is the characterstic function of {a — r],b + rj). The function x) 
for t G [0, oo) \ {a — f],b + T]) and x € [a, b\ is bounded by M\t — a;|” for some constants M,k > 0. 

(F 

Operating -— K'^L] uj) on the equality (13.81) and breaking the right hand side into three parts Ji, J 2 and 

aw’’ . 

J 3 , say, corresponding to the three terms on the right hand side of equation (13.81) as in the estimate of /§ 

in Theorem[3 it can be easily shown that J 3 = o(n~^), uniformly in a:: G [a, b]. 

Now treating Ji in a manner similar to the treatment of Ii of Theorem[51 we get Ji = + 0{n~^), 

uniformly in t G [a, 6 ]. 

Finally, let 


Di = sup sup , 

a;e[a,6] 2i+j<r 
i,j>0 


then making use of the inequality 

|/(0(^) _ /(O(^)I < (^1 + S > 0, 

the Schwarz inequality. Corollary [T] and Lemma O we obtain 


IJ 2 I < (n+1)^ 


k—0 2i-\-j<r 
i,j>0 


ipix)y ^ 


< 




q'- 


2i-\-j<r ^ k—0 

i,j>0 


fc +1 

* n + 1 


.+ 1 
1/2 


|/ 0 )(^)-/ 0 )(^)| 


9 ! 


\t - x\'^xit)dt 


- E E(^ - («+1) E 


fc+i 

* n + 1 


A;=0 


k 

n + 1 


1/2 


1 / \ ^ ^ 

+ -gi^{n + l)Ylwyk{x) J ^ {t-xf‘^+^dtj j 

< on choosing 6 = 

By combining the estimates of Ji — J 3 , we get the required result. 


□ 


3.6. Statistical convergence. Let A = (a„fe) be a non-negative infinite summability matrix. For a 
given sequence x := (x)n, the A-transform of x denoted by Ax : (Ax)n is defined as 


(Ax)n — ^ ^ O^nk^k 
k=l 

provided the series converges for each n. A is said to be regular if lim(Aa;)„ = L whenever lim(a:)„ = L. 

n n 

Then x = (x)n is said to be A-statistically convergent to L i.e. stA — lim(a:)„ = L if for every 

n 

e > 0 , lim > Qnk = 0. If we replace A by Ci then A is a Cesaro matrix of order one and A- 

k-.\xk—L\>€ 

statistical convergence is reduced to the statistical convergence. Similarly, if A = /, the identity matrix 
then A-statistical convergence is called ordinary convergence. 

Theorem 10. Let (a„fe) he a non-negative regular summability matrix and x G [0, 00 ). Then, for all 
f G C'p[0,oo) we have 

StA - lim ||A:“(/, .) - /|lp„ = 0, 

n 

where Pa{x) = 1 - 1 - x‘^'^°‘, a > 0 . 

Proof. From m, p. 191, Th. 3), it is sufficient to show that stA — lim„ || Ar“(ei,.) — e^Hp = 0, where 
ei{x) = x'‘, i = 0 , 1 , 2 . 
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In view of Lemma SI it follows that 

stA - lim ||iir“(eo,.) - eo||p = 0 . 

n 

Again, by using Lemma SI we have 

1 

|iL“(ei,x) -ei(x)| 


(3.9) 


sup 

xG [0,oo) 


1 + 


< 


sup 

xG [0,cso) 

1 


n + 1 


- x + 


ax 1 


1 + X 2 


1 + 


n + 1 


d + 


For e > 0, we define the following sets 

D : = <j n : ||A:“(ei,.)-eillp > e 

1 


Di : = in-. 


n + 1 


a + 2 I — ^ f ■ 


which yields us D C Di and therefore for all n, we have E dnk E E Gnk and hence 

keD keDi 

stA - lim ||Ar“(ei,.) - ei||p = 0 . 

n 

Proceeding similarly, 


(3.10) 


^n(e2; ■) - 62 lip = sup 


< 


[0,oo) 

1 


1 + x"^ (n + 1)2 


— x'^ + 2x + 


2ax^ 


1 


2 2 


2ax 2 1 

l + xj ' (n + 1)2 (1 + a;)2 ' 1 + a; ^ 3 


+ 


n + 1 

Let us define the following sets 


(2a + 3) + 


(n + 1)2 


2 . 13 , 

a “t" 4a —— ). 


E-. = u : ||A:“(e 2 ,.)-e 2 ||p > 


El-. = 

E 2 : = i.n: 


: —^17^(20 + 3) > e/2|’ 


1 


13 

"3 


a “t" 4a “t" j ^ 6/2 


(n + l)2 

Then, we obtain E C EiU E 2 , which implies that 

^ ^ ^nk — ^ ^ ^nk T ^ ^ ^nk 
keE keEi keE2 

and hence 

stA - lim II Ar“(e 2 ,.) - e 2 ||p = 0 . 

n 

This completes the proof of the theorem. 


(3.11) 

□ 


3.7. Rate of approximation. The rate of convergence for functions with derivative of bounded vari¬ 
ation is an interesting area of research in approximation theory. A pioneering work in this direction is 
due to Bojanic and Cheng ([ 8 ], [9]) who estimated the rate of convergence with derivatives of bounded 
variation for Bernstein and Hermite-Fejer polynomials by using different methods. After that many re¬ 
searchers have obtained results in this direction for different sequences of linear positive operators. 

Now, we shall estimate the rate of convergence for the generalized Baskakov Kantorovich Operators 
for functions with derivatives of bounded variation defined on ( 0 , 00 ) at points x where f'{x+) and f {x—) 
exist, we shall prove that the operators (HU converge to the limit /(x). 
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Let / £ DBV.y{0,oo), 7 > 0 be the class of all functions defined on (0,oo), having a derivative of 
bounded variation on every finite subinterval of (0,oo) and |/(t)| < Mf^, V t > 0. 

We notice that the functions / £ DBV^{0,oo) possess a representation 

f{x) = [ h{t)dt + /(O), 

Jo 

where h{t) is a function of bounded variation on each finite subinterval of ( 0 , 00 ). 

The operators K^{f-,x) also admit the integral representation 

poo 

Knif;x)= J^{x,t)f{t)dt, (3.12) 

^0 
00 

where t) := (n + 1 ) ^ where Xn,k{i) is the characteristic function of the interval 


/c=0 


k fc+1 
n+1 ’ n+1 


with respect to [ 0 ,oo). 


Remark 1. From Lemma\^ for A > l,x £ (0,oo) and n sufficiently large, we have 


=<, 2 ( 2 ;) < 


Aa;(l + x) 
n + 1 


In order to prove the main result, we need the following Lemma. 

Lemma 8 . For fixed x £ (0,oo), A > 1 and n sufficiently large, we have 

(i) af{x,y) = Jn{x,t)dt < -— + 0 < y < a;, 

^ (x — yY n+1 

(a) 1 — Qjf{x, z) = Jn{x, t)dt < - - X < Z < 00. 


Proof. First we prove (z). 




< 


< 


{z — x)"^ n + 1 

V 

J!f{x,t)dt < 

1 


X — t 
0 \x-y 


J^{x,t)dt 


Kniit-x) ;x) 


{x - yY 

1 Ax(l + x) 


{x — yY n+1 

The proof of (zz) is similar. 

Theorem 11. Let f £ DBVy{0, 00 ). Then, for every x £ (0,oo), and n sufficiently large, we have 


□ 


\K<f{f-,x)-f{x)\ < 


ax 1 


- 2 ; + --h - 

1 + a; 2 

\f{x+) + rix-)\ 


n + 1 2 \ n +1 

V (a-fi V +) 

k—1 x—(x/k) x — (x I \/ri\ 


k—1 x—{x/k) 
[•v/rT] x-\-x/k 


x — (x/y/n) 
x-Yxj yjn 


n +1 f-' '' Yn '' 

fe=0 X ' X 

where \/‘lf{x) denotes the total variation of f{x) on [c,d] and fx is defined by 

fit)-fix-), 0<t<x 

fxit) = ■{ 0 , t = X 

fit)-fix+), x<t<oo. 
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Proof. For u G [0,oo), we may write 


f'{u) = f'^{u) + ]^(f'{x+)+f{x-)) + ]^{f\x+)-f{x-))sgn{u-x) 

+4(«){/'(«)-i(/'(x+) + /'(x-))}, 


where 


From (|3.12p we get 


5x{u) = 


1 , u = X 
0 , u ^ X. 


pCO 

Kn{f;x) - f{x) = / J^{x,t){f{t) - f{x))dt 

Jo 


J^{x,t) / f{u)dudt. 


(3.13) 


(3.14) 


It is obvious that 



/ 0 \ J X 


/'(■“) - 2 ) ^x{u)du ) J“(ai, t)dt = 0. 


By (13.141) . we have 

Jo (/ = ^ifix+)+f{x-))J^ {t- x)J^{x,t)dt 


-{f{x+) + f{x-))K^{{t - x); x) 


and by using Schwarz inequality, we obtain 

t 


Jnix,t)(^j ^{f'{x+) - f'{x-))sgniu-x)du^dt < ^\f'ix+) - f'ix-)\ \t - x\J^{x,t)dt 


< l\f{x+)-nx-)\iKat-xr;x)y/^. 


From Lemma 01 Remark [T] and from the above estimates (13.141) becomes 


\K{f;x)-f{x)\ < 


1 


2 (n + l) 


|/'(x+)+/'(x-)| 


- X + 


ax 1 


+^\f'ix+)-nx-)\ 


Aai(l + x) 
n + 1 


1 X 2 


+ 


0 \ J X 


fx{u)du]j^{x,t)dt 


X \ J X 


fx{u)du]j^{x,t)dt 


(3.15) 


Let 

Unif,x) = 

and 

Vnif\x) = 


0 \ ^ X 




X \ ^ X 


fxiu)du]jf,{x,t)dt. 


Now, we estimate the terms Un{f',x) and Vn(f',x). Since dtaf{x,t) < 1 for all [c, d] C (0,oo), 
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using integration by parts and Lemma |S] with y = x — we have 


\Un{f,x)\ = 


j (^J f'a:i'u)du^dta'^{x,t)dt 


< 


< 


< 


V 


Jo Jy 
Aa;(l + x) 
n + 1 

Aa;(l + x) 


ry(.fL){x-t)-^dt+ ryifjdt 

Jo y t 


n + 1 

By the substitution of m = we get 
A:e(1 + x) 


''x){x-t) ^dt+-^ y (/'). 

x — {xly/n) 


I (.-tr \j(jjdt = 


n + 1 


< 


< 


n + 1 Ji 
A(l + a;) 


V (fx)du 

x—{x/u) 


n + 1 

A(1 + x) 
n + I 


V 

k—l ^ x — {x/u) 
[\/n] X 

E V (/i)- 

k—l x — {x/k) 


Thus we obtain 


\uM',x)\ < 


A(1 + a:) 
n + 1 


l^/n] 


E V ~T^ V 


k—l x — {x/k) 


x — {x I y/n) 


Also 


\Vn{f,x)\ = 


' X \ J X 
poo / pt 


fxiu)dujJ^{x,t)dt 

fxiu)du]dt{l - a'^{x,t)) + 


X \ J X 


< 


f'x{u)dujdt{l - a^{x,t)) 

[ fxiu)i^-<ix,z))du- j al{x,t))dt 

J X J X 

a t \ OO pOO 

f^{u){l-al{x,t))duj -J a'^{x,t))dt 

pz poo 

/ fx{t){^-al{x,t))dt + / /'(t)(l - a“(x,t))dt 

J X J Z 


By using Lemma 13 with z = x + (x/y/n), we obtain 


\Vn{f,x)\ < 


< 


Ax(l + x) 
n + 1 

Ax(l + x) 


1 * i-z t 

y {fx){t - x)~^dt +J y{f',)dt 


x-\-{x/y/n) 


yif'x)it-x) '^dt + -^ y (/'). 


(3.16) 


n + 1 
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By substitution of n = , we get 


^ ^ Jx+{x/^/n) ^ 7T-+ 1 ^ 


< 


< 


xn -L-r-'\ rk+l^+i^/^) 

^ ^E/ V 


77. “h 1 j u 

k^O 


A(1 + x) 
n + 1 


[v^n] x-\-{x/k) 

E V (/^)- 


k—O X 


Thus, we obtain 


\n .[y/^x+{x/k) x+(a;/Vn) 

\VnU',x)\ < ^^E V (/^) + 4 V (/^)- 

k—0 X V TT. 


n + 1 

From (|3.15|1 - ()3.17|1 . we get the required result. 


(3.17) 

□ 
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